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Syzygy Tables for the Binary Quintic, 

By J. Hammond. 



In his Tenth Memoir on Quantics (Phil. Trans., Part II, 1878, pp. 603-661) 
Prof. Cayley has given an enumeration of the irreducible syzygies for the Binary 
Quintic, and an incomplete calculation of their values, not extending beyond the 
deg. order 14.4. Table I of the present paper is meant to replace his enumer- 
ation (from which it differs by the omission of twelve syzygies) or that of Prof. 
Sylvester (American Journal of Mathematics, Vol. IV, p. 58). The letters a, 6, 
c, . . . w denote the same system of 23 groundforms as in the memoir referred 
to, the numbers show the number of irreducible syzygies for any deg. order. 
The calculated values of all the irreducible syzygies will be found in Table II. 

I hope on some future occasion to prove that my enumeration is the correct 
one, and shall content myself, for the present, with proving that the syzygy 
named 6 5 by Prof. Cayley is reducible. 
This syzygy is 
— 86 5 + a\ + 10a6 2 / — 9abdg + Sahj + 126% + 326cm — I2cdj — Acgh = 
say 2=0. 

Copying from Table II the syzygies named cP, dh, h 2 , and dm, we have 
(<tf) = a j — 6 3 + 2bh — eg — 9cP 
(dh) = am + 2bH + cj — Zdh 
(ft?) = adg — beg — 1 26d 2 — 4cm + ^ 2 
(dm) == ag + 26 2 / — bdg — hj + 12dm . 
Whence it is easily verified that 

2 = a (dm) + 8b 2 (d i ) — Sb (A 2 ) — 1 2d (dh) + 4h (cP) . 
The remaining eleven syzygies have not been calculated by Prof. Cayley. 

It may be noticed that the names of the syzygies in Table II are all of them 
binary combinations of the groundforms, and it has been found (in every case 
that I have considered) that every irreducible syzygy contains at least one such 
binary combination among its terms. But I have no proof of this. 
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Deg. Order. 

5.11 



Table II. 
The Syzygies of the Quintic. 
ai -\- bf — ee = 



Name. 

ce 



6.6 


a j _ tf _|_ 2bh — C g — 9d? = 


0? 


6.8 


ah + 2bi — Zde = 


cfe 


6.10 


a*g — 12abd — 4o 2 c — e 2 = 


e 2 


6.12 


al— 2ci + 3df = 


<*/ 


6.14 


a 2 h — Qacd — 4bc 2 — ef=0 


e/ 


6.18 


a 3 d — a % bc + 4c 3 + f — 


/' 


7.7 


am + 2b % d + cj — Sdh = 


dh 


7.9 


bl + ch — 3di = 


di 


7.9 


an — We + 2bl + eh = 


eh 


7.9 


ibl + 2ch — eh +fg = 


fg 


7.11 


abh — acg + 6bcd -4- ei = 


ei 


7.13 


ade — bee + 2c? + fh = 


fh 


7.15 


a 2 6d — atfc + acA — 6c 2 <2 —fi=0 


fi 


8.6 


bn — e/ + gi + 3eZ& = 


dh 


8.6 


ao — 26n — ej = 


ej 


8.8 


26% + % + 12cm — 3ft 8 — eh = 


eh 


8.8 


a<% — % — 126c? 2 — 4cm + h* = 


¥ 


8.10 


a&& + ap + 6c?e — jgT — 6dl = 


dl 


8.10 


ap + 2cn + ^ = 


fj 


8.10 


Me — en — hi = 


hi 


8.12 


3ao% + 2ocA — 2cV — 18cc? + el = 


el 


8.12 


eZ— 2i 2 +/& = 


fk 


8.12 


ao 2 d — ac,/ + 9cc? + ** = 


# 


8.16 


3a*d? — aoca3 — 25V +2<?h—fl=0 


fi 


9.5 


aq + 26 2 y — bdg — hj + 12dm = 


dm 


9.7 


ar + ij + 3cZn = 


dn 


9.7 


ar — b % h — bp — em = 


em 


9,7 


co + 6dn + 3em + gl = 


gi 


9.7 


co + em — hh = 


hh 


9.7 


6_p + co — i; = 


V 


9.9 


ao 2 # + 6ao»i — agh + 26c/ — en = 


en 


9.9 


a6m + 36c/ — 3cd# + i& = 


ih 


9.11 


adh + 6c& + op + /m = 


fm 


9.11 


6c& + 2cp + 3cZ 2 e — hl=0 


hi 


9.13 


bei — de*— 2il + fn = 


fn 


9.13 


3aoo? — & 2 co3 — 2cy + 3cc?A + il = 


il 
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Table II — Continued. 

10.4 2br — jh + Zdo = do 

10.6 agj + 2b 3 g + 1 2& 2 m — 1 Zbdj — 2bg h — eo = eo 

10.6 2o 2 m — 3c# — 7t? — Zhm = hm 

10.6 45 2 m + \2bdj — 9d?g + P = &» 

10.8 as — 37xZ& — 2irn — 3cZp = dp 

10.8 2ZxZ& + oai — deg + 4tm + hn = An 

10.8 bdk -\- cr — im = tVn 

10.8 2cr — Zdp + yZ = yZ 

10.10 6e& + in — hi + ep = ep 

10.10 ep + 2m +/o = fo 

10.10 abdg + Zadm — ahj -f- 3<%Z/ — wt = in 

Zadm — Abcm — Zcdj + hi = A:7 



10.10 



10.14 



10.14 o/& — b$ + a«i + Z 2 + fp = yp 

9cuP + 3&CC? + 4c 2 m + P = Z 2 



er 
to 



11.5 6s + 7«»i — 3cZr=0 dr 

1 1.5 6 2 o — 6cZr — o^> — 3jn — 2Ao =0 ho 

11.5 Vo + 2©o-& — 66s — Zho — 3/w .= jn 

11.5 bgh -\- eq -\- gp -\- 2j'n + 6/cm = hm 
11.7 to + Jm + er = 
11.7 agm — 6&<fon + Zbhj — Zdgh + to = 

11.7 b 2 dg + 127xZ»i + 2bhj — 3eZa7*. — &» = 
11.9 a/& — bern — 4dej + 2dgi — 2Zm + fq = fq 
11.9 acZo + 5em + bhh — 2lm + hp = &p 
11.9 cs + 3o?7<; — Zm = Zm 
11.11 oi& + tf€& + ip + fr = fr 
11.11 aocZy — b 2 cj + 2bcdg + 6ccZm — e/y + tp = ip 

11.11 /r — ip — Zn=0 In 

12.4 2Pq + 2bgm + Abp — Zdgj + ho = &o 

12.4 oow + Zhq + ho+ 12m? = m* 

1 2.6 bdo — Zbjh + 2t^ — 2jp + 6cZs = as 
12.6 6«o + mn + hr = hr 
12.6 a£ — &y& + 2»m — jp = ^p 
1 2.6 &y& — dgh — iq + wm = mn 

12.8 o& 2 +2t> + &p — es=0 es 
1 2.8 hp — lo — 2tr =0 ir 
1 2.8 ajm — 2bcq — 2cgm — ep + hp = hp 
12.8 6Mwi — 2com — 18eZ 2 m + Zdhj — Zo = lo 
1 2.8 beo — egh + 3es — 3Zo — 3n 2 = n % 

12.12 bhl+ 2dih + lp+fs= /s 
12.12 3ao?y + 27/em + Zbcdj + 2cAm + Ip = Ip 
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Deg. Order. 

13.3 
13.3 
13.5 
13.5 
13.5 
13.7 
13.7 
13.7 
13.9 
13.9 
13.9 



Table II — Continued. 

2bt — gs + Tcq-\- 2jr = 

bt — jr + mo = 

bdq -\- Sbjm — Adgm — dj 2 — Sau = 

Sbdq — 2bjm + Sdgm — hr = 

Stfgj— 2bdg % + 6bdq + 1 2bjin — ghj—no = 

bhm — 3d?o + 2mp — hs = 

Sbhm — ct. + 3mj> + Iq = 

ct + <?/& — vnp = 

eta 2 — Ir + is = 

3o 2 dm + 36cZ 2 y — 2c/m + 3a"Am + Zr = 

&er — bnh -f- deo — 2lr — np = 



Name. 
j r 

mo 

au 

hr 

no 

hs 

Iq 

mp 

is 

Ir 

np 



14.2 

14.4 

14.4 

14.6 

14.6 

14.6 

14.6 

14.6 

14.6 

14.10 

14.10 

14.10 



Abgq — 86bu — gf + o 2 = 

js + 2mr —Sdt = 

bgr + 2bjo — gjh + %nq — 12mr = 

2b s q + b % gm + bhq + bho + et — av = 

6m 2 + a?©/ + e?/m + cm == 

bho — 2nr + op — et = 

46m 2 + 9cp£ + 6djm — hs = 

2b7eo + gh?—3ks + Spo —3nr = 

Abhq + 2bho + 1 26m 2 + 6djm — hj 9 + op=0 

Zahr + 6es + 6dhn — 5ekm — 6fe — &ft = 

15&d 2 m + 4cm 2 + 9o?/ + 7s = 

o&p — 2a7m + ft + p 2 = 



$/<? — 6^^ + <jr/m + 2j 3 -\-or-\- 54du = 

2bjq — bv + <jr/m — or = 

6mo — dgr — djo — ghm — Zeu = 

26^ — 2dgr — 2djo — pq — ht=Q 

bmo + Sdjo + 2c/7<:m + Sht — 6ms = 

Gdhq + Sdho + 18dm 2 + Zhjm + 2cjq - 

dko — pr + it = 

Mr + i£ + pr + ws = 

5b 9 jm + 3M/ 2 — jh 9 — 3cv + Spr = 

a<& + 3amr — 2diq + 6o3mn — 3cm 2 i:l A — 



o 2 
<ft 
mr 

aw 

CM 

Jcs 
nr 
op 

ft 
Is 



P 



,2 



15.3 
15.3 
15.5 
15.5 
15.5 
15.7 
15.7 
15.7 
15.7 
15.9 



cv = 



-3/w=0 



du 

or 

eu 

ht 

ms 

cv 

it 

ns 

pr 

fu 
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Table II — Continued. 

Deg. Order. Name. 

16.4 Sdjq + 2fm + 2r* — Sdv = dv 

16.4 6b 2 u + Sbmq + djq — 2dv — Shu=0 hu 

16.4 6o 2 w + 2bmq — Sdv + ht = /& 

16.4 ^—2/*— os=0. os 
L6.4 36 2 m + 2o«i£ + gm % — r 2 = r 2 
16.6 agtf — ibjs — 2Qbrn?' + 2Mg r — e« = ew 

16.6 ?>e& + Zwir + tZ^g + jhm + 3iw = iu 
16.8 9oc7m + 2o 2 m 2 — Sbd*q + 2cwi# + 2h % m — lt = Q It 
16.8 2dkr — lt+ps=0 ps 
16.10 a^— 6bdhm—lSdmp + 2$"o;— 2hiq—fv = /v 

17.3 5oj + g/r + grno — 2ghq + 2y 2 o + 18&w =0 hu 

17.3 Shu — qs — 2mt =0 mt 

17.5 26% — 6 2 v — 2bdgq + 18bdu + nt + hv = hv 
17.5 bor — 2ghr — jho + Qrs + Snt =0 «£ 

17.5 9oefo* + Sdmq + 2y?n 2 — rs = rs 

1 7.7 2a/£ — 18cPt — lSdmr + Qdnq •+- *yg — m> = iv 

17.7 d 2 £ + rfmr — hm 2 -\- lu= lu 

18.2 Agmq + 2y 2 g — 36»m — ot — jv = jv 

18.2 3%« — bq % —jv + ot = ot 

18.4 4i>jt — 2bqr — 3%£ + hv = Q hv 

18.4 %£ + doq + 2</wr + 2yw?o — 6nu = m 

18.6 2bos + Sbr* — Sdor + ghs — 3s 2 + Spt = _p« 
18.6 27<Pt« — 4m 3 — s 2 = 

18.8 oeZ&g' + 9deu — 4dmq + 6m 2 n — Iv = 

19.3 3&/w — r£ + mm? = mv 
19.3 66/ti — 9dgu + 3dg 2 + 2jmq + 2rt = rtf 

19.5 2y 2 s + lOjmr — jnq — nv -\- Saw = aw 
19.5 3&wi£ + djt + 2dor + 3pw =0 pu 
19.5 o^ + o^+^^&m^ — ght — hoq — jnq — nv = nv 

6bw + gjt — 2gqr — joq + 18rtt = ru 



20.2 



20.2 1 2bw + gjt — ov = 



20.4 Gbrnu + 9$m + 2m 2 g' — st = 

20.6 3&ymo + 5d5/ 2 o + 2dgjr + 2;^ — ^w — 1 2cw = 

20. 6 56y»io + Sdj 2 o — dgiu + Siq 2 — 2hor + Spv = 



d 2 



ov 



6bmu + 9<#/m + 2m 2 q — st = s£ 



OT 
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Table II — Continued. 

Deg. Order. Name. 

21.3 2jH — jqr + rv + 18dw — dw 

21.3 3bou — 2bqt — gmt + rv = rw 
2.1.3 4&0?./ — 12cto — ghu — gqs -f- 2w?og r + 12sm == su 

21.5 #n£ — 2jos — lOmor -f- nog — 6ew = ew 
21.9 bioq + 2cr£ — efeog' — Qdkrno — 6dpt — hnt + Qfw = /to 

22.2 3gtnu + 3j 2 u — tnq 2 — # = f 

22.4 Sc&j'og' — 27 dou-\-g 2 mr-\-2gjmo — 6jmt — oV — 3mgr — 9hw = hiv 
22 A Qbru + 3dqt + 2/witf — sv = sv 

22.6 35»20 2 + 5(#/o 2 + 2c?^or — gpt + 2^0^ — 12iw = iw 

23.1 Sgou — 4gqt — oq 2 + 36to — 12/w = jw 

23.3 #r£ + 2jot — oqr + 6&w> =0 Tew 

23.7 &?wor + j 2 Jcr + 2jfp^ — r^ + 6 to = to 

24.2 3/om — 2/gtf + vt + 12mw = mw 
24.2 3grrot + 3/ow — q 2 r — tv =■ tv 

24.4 g 2 r 2 -\- 2gjor + ,/ 2 o 2 — 6/ri — 8q^ + 9mo = nw 

25.1 3^ 2 y« — gyg 3 — Agqv + 36wtf — 1 2ow = ow> 

25.5 bgrt + &/o£ — </?nor — jrno 2 — jst + mrt + 3now — 3pw = pw 

26.2 #i! 2 + 3«o 2 — 2qot + 12rw =0 rw 

26.2 3&? s t* — 2jqv + 1 2rw -f » 2 = v 2 

27.3 2/tf 2 — 3row +.grtf + 6sw = sw 
29.1 Qgjqu + 3#mv — 108/m 2 + 2jq 3 — q 2 v + 12tw = to 
31.1 3# 2 ^ — ^ + 6^02% + 2q s o — 108u 2 o + 1 2w = w 
36.0 fu 2 + 2^ 2 w + gq i — 72^m 2 — 8^1* + 43 2u 3 — Uw 2 = w 2 
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